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Abstract
In our previous work we have constructed a model of noncommutative (NC)
gravity based on SO(2, 3)⋆ gauge symmetry. In this paper we extend the model
by adding matter fields: fermions and a U(1) gauge field. Using the enveloping al-
gebra approach and the Seiberg-Witten map we construct actions for these matter
fields and expand the actions up to first order in the noncommutativity (deforma-
tion) parameter. Unlike in the case of pure NC gravity, first non-vanishing NC
corrections are linear in the noncommutativity parameter. In the flat space-time
limit we obtain a non-standard NC Electrodynamics. Finally, we discuss effects
of noncommutativity on relativistic Landau levels of an electron in a constant
background magnetic field and in addition we calculate the induced NC magnetic
dipole moment of the electron.
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1 Introduction
In the past several decades there has been a considerable effort to develop a theory
that would resolve singularity issues that plague the physics of curved space-time and
enable us to think beyond the concepts of Quantum Field Theory (QFT) and Gen-
eral Relativity (GR). Noncommutative (NC) Field Theory, as a theory of fields on NC
space-time, offers a new perspective to the problem. In NC Field Theory, space-time
coordinates are proclaimed to be mutually incompatible. Analogously to the Heisen-
berg’s uncertainty relations for a conjugate coordinate-momentum pair of a particle,
there exist a lower bound for the product of uncertainties ∆xµ∆xν for a pair of two dif-
ferent coordinates. In order to capture this ”pointlessness” of space-time, an abstract
algebra of NC coordinates is introduced as a deformation of the ordinary commutative
space-time structure. These NC coordinates, denoted by xˆµ, satisfy some non-trivial
commutation relations, and so, it is no longer the case that xˆµxˆν = xˆν xˆµ. The simplest
case of noncommutativity is the so-called canonical noncommutativity, defined by
[xˆµ, xˆν ] = iθµν , (1.1)
where θµν are components of a constant antisymmetric matrix. Abandoning the con-
cept of commutative (classical, smooth) space-time leads to various new physical ef-
fects, such as UV/IR mixing [1], new interactions in NC deformations of Standard
Model [2], fuzzy geometry [3] and many others.
Instead of deforming an abstract algebra of coordinates one can take an alternative, but
equivalent, approach in which noncommutativity appears in the form of NC products
of functions (NC fields) of commutative coordinates. These products are called star
products (⋆-products). Specifically, the canonical noncommutativity (1.1) is based on
the NC Moyal-Weyl ⋆-product,
(fˆ ⋆ gˆ)(x) =e
i
2
θαβ ∂
∂xα
∂
∂yβ f(x)g(y)|y→x
=f(x) · g(x) + i
2
θαβ∂αf(x)∂βg(x) +O(θ2) .
(1.2)
The first term in the expansion of the exponential is the ordinary point-wise multi-
plication of functions. The constant deformation parameters θαβ have dimensions of
(length)2 and are assumed to be small1. They are considered to be fundamental con-
stants, like the Planck length or the speed of light. However, it is also possible to treat
NC deformation parameters as dynamical fields, see [4].
Apart from being an interesting subject by themselves, NC Field Theories had begun
to gain interest when they were recognised as a low-energy limit of a more fundamen-
tal theory of open stings. In the work of Seiberg and Witten [5] it is argued that
coordinate functions of the endpoints of an open string constrained to a D-brane in
the presence of a constant Neveu-Schwarz B-field, with B ∼ 1/θ, satisfy the constant
1To be more precise, the Moyal-Weyl ⋆-product should be written as
(fˆ ⋆ gˆ)(x) = e
i
2
k¯θαβ ∂
∂xα
∂
∂yβ f(x)g(y)|y→x ,
with the small deformation parameter k¯ and arbitrary constant antisymmetric matrix elements θαβ .
In the usual notation k¯ is absorbed in the matrix elements θαβ and these are called small deformation
parameters.
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noncommutativity algebra (1.1). Thus, any kind of evidence of noncommutativity of
space-time, interpreted as a low-energy effect of the String Theory, would be of great
significance.
Formulation of pure gravity in a noncommutative space-time is a very interesting and
a very important problem and it has been investigated using different approaches [6].
In our previous work, we have established a model of pure NC gravity by treating it
as a gauge theory of SO(2, 3)⋆ group [7, 8]. The first non-vanishing NC correction to
GR is at the second order in the NC parameter θαβ and it pertains even when metric
is flat thus leading to a non-trivial NC deformation of Minkowski space [7]. Studying
the deformed metric of Minkowski space, it became clear that by introducing constant
noncommutativity of space-time, we are implicitly working in a preferred coordinate
system - the Fermi inertial coordinates.
We have to remember that if one aims to explain problems such as dark energy, inflation
or construct a NC deformation of supergravity, one needs to include matter field and
their couplings with the gravitational field. As a first step towards including matter
fields in the SO(2, 3)⋆ NC gravity model, we introduced non-interacting Dirac fermions
in curved space-time. In [9] we have found the first order NC correction to the Dirac
action in curved space-time with various new interaction terms. As in the case of pure
gravity, noncommutativity pertains in the flat space-time limit and causes linear NC
deformation of electron’s dispersion relation. Also, the NC-deformed energy levels are
helicity-dependent, meaning that NC space-time behaves as birefringent medium for
electrons propagating in it.
Following the same line of investigation as in [9] we seek to obtain a complete theory of
Noncommutative Electrodynamics in SO(2, 3)⋆ model of noncommutative gravity that
would be capable of providing some tangible predictions concerning the potentially
observable physical effects of space-time noncommutativity. To include interacting
Dirac fermions, we upgrade the gauge group to SO(2, 3)⋆ ⊗ U(1)⋆ thus introducing
electromagnetic field in the framework. New interaction terms that emerge enable us
to study NC Electrodynamics both in curved and flat space-time. In this paper we
analyse some phenomenological consequences of this new model of NC Electrodynamics
in the flat space-time limit.
The paper is organized as follows. To begin with, in the following section, we discuss
coupling of matter fields with gravity in the first order formalism. In particular, we are
interested in incorporating matter fields in the commutative (undeformed) SO(2, 3)
gauge theory of gravity. In Section 3 we generalize results from Section 2 to the NC
SO(2, 3)⋆ gravity. Using the Seiberg-Witten map we construct actions and calculate
equations of motion for the NC U(1)⋆ gauge field and the NC Dirac field. Unlike in [9],
fermions are now coupled with the NC U(1) gauge field and the NC gravity. Finally,
in Section 5 we formulate NC Electrodynamics induced by NC SO(2, 3)⋆ gravity. In
the limit of flat space-time, we discuss the equation of motion of an electron in the
background electromagnetic field. Especially, we find NC corrections to its energy
levels in constant magnetic field, that is, NC corrections to the relativistic Landau
levels. In addition, we derived the induced NC magnetic dipole moment of an electron.
We end the paper with some discussion of the obtained results and proposals for future
research.
2
2 Matter fields in SO(2, 3) gauge theory of gravity
It is well known that in the first order formalism (gauge theories of gravity) fermions
couple naturally to the gravitational field. On the other hand, to couple gauge fields to
the gravitational field one normally requires the existence of Hodge dual operation. The
definition of Hodge dual operation in the presence of gravitational field (curved space-
time) requires the existence of a metric tensor, which means working in the second
order formalism. This difference becomes even more evident in the SO(2, 3) model of
gravity. Namely, in this model the basic variable is a SO(2, 3) gauge field, which splits
into the SO(1, 3) spin-connection and vierbeins only after the gauge fixing (symmetry
breaking) [7]. In this section we discuss the construction of actions involving gauge
field and Dirac spinor field in the SO(2, 3) gravity model.
Let us briefly review the basics of SO(2, 3) gravity theory. We assume that space-time
has the structure of D = 4 dimensional Minkowski space. The gauge field takes values
in the SO(2, 3) algebra, ωµ =
1
2ω
AB
µ MAB . The generators of the SO(2, 3) group,
MAB , fulfil
[MAB ,MCD] = i(ηADMBC + ηBCMAD − ηACMBD − ηBDMAC) . (2.1)
The 5D metric is ηAB = diag(+,−,−,−,+). Group indices A,B, . . . take values
0, 1, 2, 3, 5, while indices a, b, . . . take values 0, 1, 2, 3. A representation of the algebra
(2.1) is given by
Mab =
i
4
[γa, γb] =
1
2
σab , M5a =
1
2
γa , (2.2)
where γa are four dimensional Dirac gamma matrices. Then the gauge potential ω
AB
µ
decomposes into ω abµ and ω
a5
µ =
1
l
eaµ :
ωµ =
1
2
ω ABµ MAB =
1
4
ω abµ σab −
1
2l
eaµγa . (2.3)
The field strength tensor is defined in the usual way by
Fµν = ∂µων − ∂νωµ − i[ωµ, ων ] = 1
2
F ABµν MAB
=
(
R abµν −
1
l2
(eaµe
b
ν − ebµeaν)
)σab
4
− F a5µν
γa
2
, (2.4)
with
R abµν = ∂µω
ab
ν −∂νω abµ +ω acµ ω cbν −ω bcµ ω caν , lF a5µν = ∇µeaν−∇νeaµ = T aµν . (2.5)
Equations (2.3), (2.4) and (2.5) suggest that one can identify ω abµ with the spin con-
nection of the Poincare´ gauge theory, ω a5µ with the vierbeins, R
ab
µν with the curvature
tensor and lF a5µν with torsion. It was shown in the seventies that one can indeed
make such an identification and relate AdS gauge theory with GR. Different actions
were discussed in the literature, see [10, 11]. A necessary step in obtaining GR from
SO(2, 3) gravity model is the gauge fixing, that is, the symmetry breaking from local
SO(2, 3) down to local SO(1, 3). In order to break SO(2, 3) gauge symmetry one usu-
ally introduces an auxiliary field φ = φAΓA [10]. This field is a space-time scalar and
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an internal-space vector. It transforms in the adjoint representation of SO(2, 3) group,
i.e.
δεφ = i[ε, φ] , (2.6)
where ε = 12ε
AB
µ MAB is an infinitesimal gauge parameter. This auxiliary field also
satisfies the constraint φAφA = l
2. Note that this field has mass dimension −1.
In our previous work [7] we analysed the pure gravity action in the SO(2, 3) model and
we also constructed its NC generalization. We will not repeat that discussion here.
For completeness we just write the gravity action before and after the gauge fixing:
S = c1S1 + c2S2 + c3S3 ,
S1 =
il
64πGN
Tr
∫
d4x ǫµνρσFµνFρσφ , (2.7)
S2 =
1
128πGN l
Tr
∫
d4x ǫµνρσFµνDρφDσφφ+ h.c. , (2.8)
S3 = − i
128πGN l
Tr
∫
d4x ǫµνρσDµφDνφDρφDσφφ , (2.9)
where covariant derivative in the adjoint representation is given by
Dµφ = ∂µφ− i[ωµ, φ] . (2.10)
We break the SO(2, 3) gauge symmetry by fixing the auxiliary field, specifically, we
set φa = 0 and φ5 = l, and obtain
S = − 1
16πGN
∫
d4x
(
c1
l2
16
ǫµνρσǫabcdR
ab
µν R
cd
ρσ
+
√−g((c1 + c2)R− 6
l2
(c1 + 2c2 + 2c3)
))
. (2.11)
For generality, we introduced three dimensionless constants that are a priori undeter-
mined and can be fixed by some consistency conditions. The Einstein-Hilbert term
requires c1 + c2 = 1, while the absence of the cosmological constant is provided with
c1 + 2c2 + 2c3 = 0. Applying both constraints leaves one free parameter.
Now we study the coupling of matter fields with gravity in the framework of the
SO(2, 3) model.
2.1 U(1) gauge field
In order to include the electromagnetic interaction of electrons in our framework, we
upgrade the original SO(2, 3) gauge group to SO(2, 3)⊗U(1). Gauge potential for the
whole gauge group, the master potential, consists of two independent parts:
Ωµ = ωµ +Aµ . (2.12)
The first part is the already mentioned SO(2, 3) gauge potential (2.3) and the second
part, Aµ, is the electromagnetic potential.
The field strength associated with the master gauge potential Ωµ is
Fµν = ∂µΩν − ∂νΩµ − i[Ωµ,Ων ] , (2.13)
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and it can be decomposed as
Fµν = Fµν + Fµν , (2.14)
where the gravity field strength Fµν is given by (2.4) and
Fµν = ∂µAν − ∂νAµ (2.15)
is the U(1) field strength tensor, i.e. the electromagnetic field.
Following the approach of [12] we define a SO(2, 3) invariant action for the U(1) gauge
field as follows:
SA = − 1
16l
Tr
∫
d4x ǫµνρσ
(
fFµνDρφDσφφ+
i
3!
ffDµφDνφDρφDσφφ
)
+ h.c. . (2.16)
The action (2.16) includes an additional auxiliary field f
f =
1
2
fABMAB , δεf = i[ε, f ] (2.17)
with the gauge parameter
ε =
1
2
εABMAB + α (2.18)
consisting of the SO(2, 3) and the U(1) part. We see from (2.17) that the field f
transforms in the adjoint representation of SO(2, 3) and it is invariant under U(1), i.e.
it is not charged. Its role is to produce the canonical kinetic term for the U(1) gauge
field since we cannot define the Hodge dual operation without prior knowledge of the
metric tensor.
The full covariant derivative of the field φ is defined as
Dµφ = ∂µφ− i[Ωµ, φ] = ∂µφ− i[ωµ, φ] . (2.19)
Thus we see that the field φ is also neutral under the U(1) gauge transformations. This
simplification is a peculiarity of the Abelian U(1) group and it does not hold in a more
general case of non-Abelian Yang-Mills theory.
The action (2.16) can be rewritten in a more explicit form as
SA =− 1
16l
∫
d4x ǫµνρσ
{1
4
fABF CDµν (Dρφ)
E(Dσφ)
FφGTr(MABMCDΓEΓFΓG)
+
i
24
fABfCD(Dµφ)
E(Dνφ)
F (Dρφ)
G(Dσφ)
HφRTr(MABMCDΓEΓFΓGΓHΓR)
+
1
2
fABFµν(Dρφ)E(Dσφ)FφGTr(MABΓEΓFΓG)
}
+ h.c. . (2.20)
After calculating traces (see Appendix A) we obtain
SA =− i
32l
∫
d4x ǫµνρσ
{
fABF CDµν (Dρφ)
E(Dσφ)
FφG(ηFGǫABCDE + 2ηADǫBCEFG)
− 2ifABFµν(Dρφ)E(Dσφ)FφGǫABEFG
− i
6
fABfAB(Dµφ)
E(Dνφ)
F (Dρφ)
G(Dσφ)
HφRǫEFGHR
}
+ h.c. . (2.21)
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The first term in (2.21) is purely imaginary and it will vanish because we have defined
SA to be real by adding corresponding hermitian conjugate terms. Thus, after the
gauge fixing, when (Dµφ)
a = eaµ and (Dµφ)
5 = 0, the action reduces to
SA = −1
8
∫
d4x ǫµνρσ
{
fabFµνǫabefeeρefσ +
1
12
fABfAB ǫefghe
e
µe
f
νe
g
ρe
h
σ
}
=
1
2
∫
d4x e
(
fabeµae
ν
bFµν +
1
2
(fabfab + 2f
a5f 5a )
)
. (2.22)
with the vierbein determinant e = det(eaµ) =
√−g .
Equations of motion (EOMs) for the components of the auxiliary field f are
fa5 = 0 , fab = −eµaeνbFµν . (2.23)
Using these EOMs we can eliminate the auxiliary field in the action (2.22). This leaves
us with the well known action for pure U(1) gauge field in curved space-time:
SA = −1
4
∫
d4x e gµρgνσFµνFρσ . (2.24)
2.2 Dirac fermions
The Dirac spinor field ψ transforms in the fundamental representation of SO(2, 3) ⊗
U(1) gauge group, i.e.
δεψ = iεψ =
i
2
εABMABψ + iαψ , (2.25)
where, as in (2.18), εAB are infinitesimal antisymmetric gauge parameters of SO(2, 3)
gauge group and α is an infinitesimal gauge parameter of U(1) gauge group. The co-
variant derivative of the full SO(2, 3)⊗U(1) gauge group in fundamental representation
is given by
Dµψ = ∂µψ − iΩµψ = ∂µψ − i(ωµ +Aµ)ψ
= ∇˜µψ + i
2
eaµγaψ , (2.26)
where we introduced ∇˜µ = ∇µ − iAµ as a covariant derivative for SO(1, 3) ⊗ U(1)
gauge group, and ∇µ is the ordinary SO(1, 3) covariant derivative. In addition, we set
q = −1 for an electron.
The fermionic action consists of two parts: the kinetic term Sψ,kin (which also contains
the interaction) and the mass term Sψ,m. They are given by
Sψ,kin =
i
12
∫
d4x ǫµνρσ
{
ψ¯DµφDνφDρφDσψ −Dσψ¯DµφDνφDρφψ
}
, (2.27)
Sψ,m =
i
144
(m
l
− 2
l2
) ∫
d4x ǫµνρσψ¯
{
DµφDνφDρφDσφφ
−DµφDνφDρφφDσφ+DµφDνφφDρφDσφ
}
ψ + h.c. , (2.28)
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and they were investigated in detail in [9], both classically and noncommutatively, but
without any reference to the electromagnetic interaction. The only difference however,
is that the covariant derivative of the Dirac field now contains an additional term,
−iAµ, associated with the U(1) gauge group. This will give us the interaction term
for the Dirac field.
After the symmetry breaking the total spinor action Sψ, given by the sum of (2.27)
and (2.28), reduces to
Sψ = Sψ,kin + Sψ,m = i
∫
d4x e ψ¯
(
eσs γ
s(∇σ − iAσ)−m
)
ψ . (2.29)
This is the familiar action for a U(1) charged Dirac fermion in curved space-time.
3 NC matter fields
Let us now generalize the setup from the previous section and define actions for the
NC U(1)⋆ gauge field and the NC Dirac fermion.
We will work in the canonically deformed NC space-time with the NC Moyal-Weyl
⋆-product (1.2). However, our construction can straightforwardly be generalized to an
arbitrary noncommutative space-time coming form an Abelian twist deformation.
To establish the NC field theory with SO(2, 3)⋆ ⊗ U(1)⋆ gauge group, we introduce
the NC spinor field ψ̂ and the NC gauge potential Ω̂µ. The corresponding NC field
strength tensor is defined as
F̂µν = ∂µΩ̂ν − ∂νΩ̂µ − i[Ω̂µ ⋆, Ω̂ν ] . (3.30)
The covariant derivatives of the NC spinor ψ̂ and the auxiliary field φ̂ are defined by
Dµψ̂ = ∂µψ̂ − iΩ̂µ ⋆ ψ̂ , (3.31)
Dµφ̂ = ∂µφ̂− i[Ω̂µ ⋆, φ̂] . (3.32)
The fields ψ̂ and φ̂, along with their covariant derivatives (3.31) and (3.32), transform
in the fundamental and adjoint representation, respectively, under NC infinitesimal
gauge transformations, i.e.
δ⋆ε ψ̂ = iΛ̂ε ⋆ ψ̂ , δ
⋆
εDµψ̂ = iΛ̂ε ⋆ Dµψ̂ ,
δ⋆ε φ̂ = i[Λ̂ε
⋆, φ̂] , δ⋆εDµφ̂ = i[Λ̂ε
⋆, Dµφ̂] . (3.33)
The transformation laws for NC gauge potential and field strength are
δ⋆ε Ω̂µ =∂µΛ̂ε − i[Ω̂µ ⋆, Λ̂ε] ,
δ⋆ε F̂µν =i[Λ̂ε
⋆, F̂µν ] .
(3.34)
We see that NC field strength F̂µν transforms in the adjoint representation of the
deformed gauge group SO(2, 3)⋆⊗U(1)⋆ just as ordinary field strength Fµν transforms
in the adjoint representation of SO(2, 3)⊗U(1). In the previous transformation rules,
7
Λ̂ε is the NC gauge parameter of the full SO(2, 3)⋆ ⊗U(1)⋆ gauge group, which in the
commutative limit reduces to (2.18).
The Seiberg-Witten (SW) map enables us to express NC fields in terms of the corre-
sponding commutative fields, without introducing new degrees of freedom (new fields)
in the theory. NC fields are represented as power series in the deformation parameter
θαβ, with expansion coefficients built out of the commutative quantities like φ, ψ and
Ωµ. For example:
Ω̂µ = Ωµ − 1
4
θαβ{Ωα, ∂βΩµ + Fβµ}+O(θ2) , (3.35)
φ̂ = φ− 1
4
θαβ{Ωα, (∂β +Dβ)φ}+O(θ2) , (3.36)
ψ̂ = ψ − 1
4
θαβΩα(∂β +Dβ)ψ +O(θ2) , (3.37)
where Ωµ is the the commutative master gauge potential (2.12), while ψ and φ are the
commutative Dirac spinor and the auxiliary field, respectively. Using the SW map,
we can derive the first order NC corrections to the field strength, and the covariant
derivatives of adjoint and spinor field. They are given by
F̂µν =Fµν − 1
4
θαβ{Ωα, (∂β +Dβ)Fµν}+ 1
2
θαβ{Fαµ,Fβν}+O(θ2) ,
Dµφ̂ =Dµφ− 1
4
θαβ{Ωα, (∂β +Dβ)Dµφ}+ 1
2
θαβ{Fαµ,Dβφ}+O(θ2) ,
Dµψ̂ =Dµψ − 1
4
θαβΩα(∂β +Dβ)Dµψ +
1
2
θαβFαµDβψ +O(θ2) ,
(3.38)
with the commutative field strength tensor Fµν defined in (2.14). All these results will
be put into use in the next subsection where we turn to the NC version of the actions
(2.16) and (2.27, 2.28) and calculate their perturbative expansions in powers of the
deformation parameter θαβ.
3.1 NC U(1) gauge field
To construct a NC model of U(1) gauge field coupled to gravity with SO(2, 3)⋆⊗U(1)⋆
symmetry, we canonically deform action (2.16):
ŜA = − 1
16l
Tr
∫
d4x ǫµνρσ
(
fˆ ⋆ Fˆµν ⋆ Dρφˆ ⋆ Dσφˆ ⋆ φˆ
+
i
3!
fˆ ⋆ fˆ ⋆ Dµφˆ ⋆ Dν φˆ ⋆ Dρφˆ ⋆ Dσφˆ ⋆ φˆ
)
+ h.c. . (3.39)
In addition to the NC master gauge field Ω̂ and the NC auxiliary field φ̂ we also have
to introduce a NC generalization of the auxiliary field f defined in (2.17). The NC
field f̂ transforms in the adjoint representation of the full NC gauge group
δ⋆ε f̂ = i[Λ̂ε
⋆, f̂ ] . (3.40)
The transformation laws (3.34) and (3.40) ensure that the action (3.39) is invariant
under the SO(2, 3)⋆ ⊗ U(1)⋆ NC gauge transformations.
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The general rule for calculating first order NC correction to the ⋆-product of two fields
states that (
Â ⋆ B̂
)(1)
= Â(1)B +AB̂(1) +
i
2
θαβ∂αA∂βB . (3.41)
If both of these two fields transform in the adjoint representation, one can show [14]
that the following statement holds,(
Â ⋆ B̂
)(1)
=− 1
4
θαβ{Ωα, (∂β +Dβ)AB}+ i
2
θαβDαADβB
+ cov(Â(1))B +Acov(B̂(1)) , (3.42)
where cov(Â(1)) is the covariant part of A′s first order NC correction, and cov(B̂(1)),
the covariant part of B′s first order NC correction. By using this specialised rule
(3.42) we significantly reduce the amount of calculation and immediately obtain the
covariantized result, which is not the case with the general rule (3.41). After some
simplification, including a few partial integrations, the first order NC correction to ŜA
is given by
Ŝ
(1)
A =Ŝ
(1)
Af + Ŝ
(1)
Aff
=
1
32l
θαβ Tr
∫
d4x ǫµνρσ
{
1
2
{Fαβ, f}FµνDρφDσφφ+ ifDβFµνDα(DρφDσφφ)
− f{Fαµ,Fβν}DρφDσφφ− ifFµνDα(DρφDσφ)Dβφ
− ifFµν(DαDρφ)(DβDσφ)φ− fFµν[{Fαρ,Dβφ},Dσφ]φ
+
i
3!
(
1
2
{Fαβ , f2}DµφDνφDρφDσφφ− f2{[{Fαµ,Dβφ},Dνφ],DρφDσφ}φ
− if2
(
Dα(DµφDνφDρφDσφ)Dβφ+Dα(DµφDνφDρφ)(DβDσφ)φ (3.43)
+
(
Dα(DµφDνφ)(DβDρφ) + (DαDµφ)(DβDνφ)Dρφ
)
Dσφφ
))}
+ h.c. .
As we can see, all terms are manifestly SO(2, 3) ⊗ U(1) invariant. This property is
insured by the Seiberg-Witten map. The f -part of the obtained first order action will
be denoted as Ŝ
(1)
Af and the f
2-part as Ŝ
(1)
Aff .
After the gauge fixing by choosing φa = 0 and φ5 = l, the Ŝ
(1)
Af part becomes
Ŝ
(1)
Af =
6∑
j=1
Ŝ
(1)
Af.j , (3.44)
with
Ŝ
(1)
Af.1 = −
1
8
θαβ
∫
d4x e
{
− 1
16
ǫabcdǫ
rspteµpe
ν
t F
ab
αβ f
cdFµνrs
+ F abαβ f
c5
(
Fµνa5 e
µ
b e
ν
c +
1
2
Fµνc5e
µ
ae
ν
b
)
+ F a5αβ f
cd
(
Fµνd5e
µ
ae
ν
c +
1
2
Fµνa5 e
µ
c e
ν
d
)
+
1
4
F mnµν e
µ
me
ν
n
(
F abαβ fab + 2F
a5
αβ fa5
)
+ 2Fαβf cdFµνeµc eνd
}
, (3.45)
9
Ŝ
(1)
Af.2 = −
1
4l
θαβ
∫
d4x e
{
eµd
(
f dc (DβF
c5
αµ ) + f
5
c (DβF
dc
αµ )
)
(3.46)
− l(∇αerρ)
(
f dc (DβF
mc
µν ) + f
d
5 (DβF
m5
µν )
)
(eµde
ν
me
ρ
r + e
µ
r e
ν
de
ρ
m + e
µ
me
ν
re
ρ
d)
}
,
Ŝ
(1)
Af.3 =
1
4
θαβ
∫
d4x e
{
− 1
16
ǫambnǫ
cdpteµpe
ν
t fcdF
am
αµ F
bn
βν
+ F amαµ F
b5
βν
(
fa5e
µ
me
ν
b + fb5e
µ
ae
ν
m
)
+ 2f cdFαµFβνeµc eνd (3.47)
+
1
4
eµc e
ν
d
(
f cd
(
F amαµ Fβνam + 2F
a5
αµ Fβνa5
)
+ 4fm5F
dm
αµ F
c5
βν
)}
,
Ŝ
(1)
Af.4 = −
1
16l
θαβ
∫
d4x e ǫµνρσ
{
fa5F bcµν (∇αedρ)eδaeλb eγc
(
gσβǫδλγτ e
τ
d − ǫδλγσeβd
)
+ fabF c5µν (∇αedρ)eδaeλb eγc
(
gσβǫδλγτ e
τ
d − ǫδλγσeβd
)
− 2(∇αeeρ)ǫδλσβeδbeλe
(
fa5F bµν a + f
abFµνa5
)
(3.48)
+
1
2l
ǫδλγτ e
δ
ae
λ
b e
γ
c e
τ
df
abF cdµν gαρgσβ +
2
l
(fabF cµν a − f b5F c5µν )gαρǫδλσβeδbeλc
}
,
Ŝ
(1)
Af.5 =
1
64
θαβ
∫
d4x e ǫµνρσǫδλγτ e
δ
ae
λ
b e
γ
c e
τ
df
abF cdµν
(
(∇αeeρ)(∇βeσe) +
1
l2
gαρgσβ
)
,
(3.49)
Ŝ
(1)
Af.6 = −
1
32
θαβ
∫
d4x e ǫµνρσ
{
ǫδλβσe
δ
ee
λ
fF
ef
αρ (f
abFµνab + 2f
a5Fµνa5)
+ 4ǫδλβσe
δ
ee
λ
b
(
fabFµνa5F
e5
αρ + f
a5F bµν aF
e5
αρ + 2f
abFαρFµν
)}
. (3.50)
After the symmetry breaking, the Ŝ
(1)
Aff part of the action becomes:
Ŝ
(1)
Aff =
1
16
θαβ
∫
d4x e Fαβf2 + h.c. = 1
8
θαβ
∫
d4x e Fαβ(fabfab + 2fa5f 5a ) . (3.51)
The gravitational part (that which includes quantities like curvature and torsion) of
Ŝ
(1)
Aff is purely imaginary and it vanishes after adding its hermitian conjugate and so
we are left with (3.51).
Now we need to evaluate the action ŜA = Ŝ
(0)
A
+Ŝ
(1)
A
on the equations of motion (EOMs)
of the auxiliary field f , up to first order in the NC parameter θαβ. The EOMs are
obtained by varying ŜA in fab and fa5 independently and we calculate EOMs up to
first order in the NC parameter θαβ. The first order action, evaluated on the EOMs
of the field f , denoted as Ŝ
(1)
AEOM , has two contributions. The first contribution comes
from evaluating the first order action Ŝ(1)
A
on the zeroth order EOMs which have been
already calculated in Section 2.1 and are given by (2.23). The second contribution
comes from evaluating the zeroth order action Ŝ(0)
A
on the first order EOMs for the
field f . It is straightforward, although tedious, to compute the first order EOMs, but
actually there is no need for that. It can be readily demonstrated that if we work only
up to first order, the zeroth order NC action (2.22) is annihilated after inserting the
10
first order EOMs for f , whatever they may be. This is the consequence of the zeroth
order equations (2.23). Thus, we only need to insert zeroth order terms (2.23) in the
first order action Ŝ
(1)
A . The resulting first order action is a sum
Ŝ
(1)
AEOM =
6∑
j=1
Ŝ
(1)
AEOMf.j + Ŝ
(1)
AEOMff . (3.52)
The corresponding terms are given by
Ŝ
(1)
AEOMf.1 =
1
32
θαβ
∫
d4x e
{
FµνRµνab
(
R abαβ −
2
l2
eaαe
b
β
)
+ Fρσeaρebσ
(
RµνabR
cd
αβ e
µ
c e
ν
d −
2
l2
Rαβab
)
+ 4Fρµecρ
(
RµνacR
ab
αβ e
ν
b −
2
l2
Rµβace
a
α
)
+ FλτeλaeτbR abαβ
(
R mnµν e
µ
me
ν
n −
12
l2
)
+
2
l2
FµνT aαβ
(
Tµνa − 2Tρνmeρaemµ
)
− 2
l2
Fαβ
(
R mnµν e
µ
me
ν
n −
12
l2
− 4l2FµνFµν
)}
, (3.53)
Ŝ
(1)
AEOMf.2 =
1
4
θαβ
∫
d4x e
{
− (∇βR mcµν )(∇αerρ)eλc
(
eνm(F µλ eρr −F ρλ eµr ) + F νλ eµr eρm
)
+
1
l2
F µρ eρc
(∇βT cαµ + eβbR bcµν )− 4l2F µν (∇αerρ)(∇βemµ )eνmeρr
− 1
l2
(∇αerρ)eρr
(
eνcF µβ T cµν − eνcF µν T cµβ
)
+
1
2l2
T rαβ T
c
µν F νλ eλc eµr
+
1
l2
(∇αerρ)eνr
(
T mµν
(F µβ eρm −F ρβ eµm)+ T mβν F ρµ eµm)
+
2
l2
F ρλ eλc (∇αerρ)(∇βecν)eνr +
1
l4
Fαβ
}
, (3.54)
Ŝ
(1)
AEOMf.3 = −
1
16
θαβ
∫
d4x e
{
Fµν
(
Rβνam
(
R amαµ −
4
l2
eaαe
m
µ
)
+ 8FαµFβν
)
+ FλτR amαµ R bnβν
(
eµae
ν
me
λ
b e
τ
n + e
λ
ae
τ
me
µ
b e
ν
n + 2e
λ
ne
τ
m(e
µ
ae
ν
b − eνaeµb )
)
+
2
l2
eλne
τ
b
(
2FατR bnβλ −FλτR bnαβ
)
+
2
l2
FµνT aαµ Tβνa
}
, (3.55)
Ŝ
(1)
AEOMf.4 + Ŝ
(1)
AEOMf.5 =
1
16
θαβ
∫
d4x e
{
+R abµν (∇αemρ )(∇βeσm)
(
Fµνeρaeσb + Fρσeµaeνb − 4Fµρeνaeσb
)
− 1
l2
R abµν
(Fµνeαaeβb + Fαβeµaeνb + 4Fµβeνaeσb )− 1l2Fρσ(∇αemρ )(∇βeσm)
+
2
l2
T cµν (∇αedρ)
(
Fµν(2eρceβd − eρdeβc) + 2F µβ (eρceνd − eρdeνc )
+ 2Fρµ(2eνc eβd − eνdeβc) + 2Fρβeµc eνd
)
− 2
l2
FρµTµνcT dαβ ecρeνd (3.56)
− 4
l2
Tβνa(∇αedρ)eaλ
(Fλνeρd −Fλρeνd)+ 4l2R cβν aeaλ(Fλνeαc −Fλαeνc )− 6l4Fαβ} ,
11
Ŝ
(1)
AEOMf.6 = −
1
16
θαβ
∫
d4x e
{
Fκξeaκebξeµe eνf
(
R efαβ Rµνab − 2R efβν Rαµab
)
+ 8Fµν(FαβFµν − 2FαµFβν)+ 2
l2
FµνeaµebνRαβab −
4
l2
FβνǫνaeρbR abαρ
+
4
l2
Fκµeaκeρe
(
TρµaT
e
αβ + TµβaT
e
αρ + TβρaT
e
αµ
)− 8
l4
Fαβ
}
, (3.57)
Ŝ
(1)
AEOMff =
1
8
θαβ
∫
d4x e FαβFµνFµν . (3.58)
3.2 NC Dirac fermion
The non-interacting Dirac field has already been treated in the framework of SO(2, 3)⋆
model in [9] where we proposed an NC action for Dirac spinor coupled with gravity. It
is the canonically deformed version of the classical action given by the sum of (2.27)
and (2.28)
Ŝψ = Ŝψ,kin + Ŝψ,m (3.59)
=
i
12
∫
d4x ǫµνρσ
{̂¯ψ ⋆ (Dµφ̂) ⋆ (Dν φ̂) ⋆ (Dρφ̂) ⋆ (Dσψ̂)
− (Dσ ̂¯ψ) ⋆ (Dµφ̂) ⋆ (Dν φ̂) ⋆ (Dρφ̂) ⋆ ψ̂}
+
i
144
(m
l
− 2
l2
)∫
d4x ǫµνρσ ̂¯ψ ⋆ {Dµφ̂ ⋆ Dν φ̂ ⋆ Dρφ̂ ⋆ Dσφ̂ ⋆ φ̂
−Dµφ̂ ⋆ Dν φ̂ ⋆ Dρφ̂ ⋆ φ̂ ⋆ Dσφ̂+Dµφ̂ ⋆ Dν φ̂ ⋆ φ̂ ⋆ Dρφ̂ ⋆ Dσφ̂
}
⋆ ψ̂ + h.c. .
Expanding this action via the SW map leads to a non-vanishing first order NC correc-
tion after the symmetry breaking. To include interaction, we generalize the result in
[9] by making substitutions ∇µ → ∇˜µ = ∇µ − iAµ and Fµν → Fµν = Fµν + Fµν . The
fermionic mass term is also modified due to inclusion of the U(1) gauge field. Beside
the generalization of the covariant derivative, an additional term of the type ψ¯Fαβψ
appears
Ŝ
(1)
ψ,m =
θαβ
4
(
m− 2
l
)∫
d4x e ψ¯
{
− i(∇αeaµ)eµa∇˜β +
1
6
ηab(∇αeaµ)(∇βebν)σµν
− 1
3
(∇αeaµ)(∇βebν)(eµaeνc − eµc eνa)σcb −
1
9l
(∇αeaµ)eµaγβ −
1
24
R abαβ σab
− 1
3
R abαµ e
µ
ae
c
βσbc −
1
18l
T aαβ γa −
7
18l
T aαµ e
µ
aγβ −
1
2l2
σαβ − 3
2
Fαβ
}
ψ + h.c. . (3.60)
The complete result for the first order NC correction to the kinetic part after the
substitution (i.e. inclusion of U(1) gauge field) is given by:
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Ŝ
(1)
ψ,kin =
1
8
θαβ
∫
d4x e ψ¯{
−R abαµ
(
eµaγb +
i
2
eµc ǫ
c
abd γ
dγ5
)
∇˜β + 1
2
R abαβ
(
eσb γa −
i
2
ǫ dabc e
σ
d γ
cγ5
)
∇˜σ
− i
3
R abαµ ǫ
d
abc e
c
β(e
µ
de
σ
s − eµs eσd ) γsγ5∇˜σ +
i
l
T aαµ
(
eµa − ieµb σ ba
)
∇˜β
− i
l
T aαβ
(
eσa +
i
2
eµaσ
σ
µ
)
∇˜σ − 2
3l
T aαµ
(
ǫ cdab e
b
βe
µ
c e
σ
dγ
5∇˜σ + 3
4l
eµaγβ − eβaγµ
)
+
7i
6l2
ǫ dabc e
a
αe
b
βe
σ
dγ
cγ5∇˜σ − 2
(
(∇αeaµ)(eµaeσb − eσaeµb )γb +
1
l
σ σα
)
∇˜β∇˜σ
+ i(∇αeaµ)(∇βebν)eµc eνdeσs
(2
3
ǫ cdsb γa − ηabǫcdrsγr
)
γ5∇˜σ − 2
3l
ecα(∇βebν)ǫ dsbc eνdeσs γ5∇˜σ
− 1
l
(∇αeaµ)(eµaeσb − eσaeµb )ecβσbc∇˜σ −
1
l
(∇αeaµ)
(
4ieµa + e
µ
b σ
b
a
)
∇˜β − 8
3l3
σαβ
+
1
16l
R abαβ σab −
1
2l
R abαµ
(5
3
eµae
c
β + eβae
µc
)
σbc − 3
4l2
T aαβ γa
+
2
3l
(∇αeaµ)(∇βebν)
(
ηabσ
µν − 2(eµaeνc − eµc eνa)σcb
)
− 1
2l2
(∇αeaµ)
(
3eµaγβ − eβaγµ
)
+ 3iFαβeσs γs∇˜σ − 2iFαµeµmγm∇˜β −
5
l
Fαβ
}
ψ + h.c. . (3.61)
Apart from the change in covariant derivative, the last three terms in the action,
those that include the electromagnetic field strength Fµν , are completely new. It is
important that all three of them pertain in the limit of flat space-time and this leads
to new phenomenological consequences concerning NC electrodynamics. Putting the
pieces together, we come to the action for NC electrodynamics in curved space-time
up to the first order in deformation parameter. It is given by
Ŝ = Ŝ(0) + Ŝ
(1)
ψ,kin + Ŝ
(1)
ψ,m + Ŝ
(1)
AEOMf + Ŝ
(1)
AEOMff . (3.62)
This action is hermitian and invariant under local SO(1, 3) ⊗ U(1) transformations.
From it we can derive the Dirac equation for an electron and the Maxwell’s electromag-
netic field equations in curved noncommutative space-time. Although this calculation
is straightforward, we will not peruse it now. Instead we will investigate in detail the
flat NC space-time limit.
4 Flat space-time NC Electrodynamics in SO(2, 3)⋆ model
Although the flat space-time limit might seem too much a simplification, nevertheless
in this section we will show that interesting and non-trivial results can be obtained.
The action for NC electrodynamics in flat space-time up to the first order in θαβ is
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given by
Ŝflat =Ŝ
(0)
flat + Ŝ
(1)
flat
=
∫
d4x ψ¯(i/D −m)ψ − 1
4
∫
d4x FµνFµν
+ θαβ
∫
d4x
(1
2
FαµFβνFµν − 1
8
FαβFµνFµν
)
+ θαβ
∫
d4x ψ¯
(
− 1
2l
σ σα DβDσ +
7i
24l2
ǫ ρσαβ γργ5Dσ
−
(
m
4l2
+
1
6l3
)
σαβ +
3i
4
Fαβ/D − i
2
FαµγµDβ −
(
3m
4
− 1
4l
)
Fαβ
)
ψ , (4.63)
where we introduced flat space-time covariant derivative Dµ = ∂µ − iAµ. We notice
immediately that this action is different from actions for NC Electrodynamics already
present in the literature [18]. The new terms appear as residual from the gravitational
interaction and they will lead to some non-trivial phenomena, like a deformed disper-
sion relation and deformed propagator for fermions. Also, we see the appearance of
new interaction terms between fermions and the electromagnetic field specific to the
SO(2, 3)⋆ model.
4.1 Deformed equations of motion
By varying with respect to Aρ we obtain NC Maxwell equation with sources in flat
space-time. Up to first order the equation is given by
∂µFµρ − 1
4
θαβFαβ∂µFµρ − 1
2
θαρFαν∂µFµν + θαβ∂µ(F µα F ρβ ) (4.64)
= −ψ¯γρψ − i
2l
θαρψ¯σ σα Dσψ −
i
2l
θαβψ¯σ ρα Dβψ +
i
2l
θαβ∂β(ψ¯σ
ρ
α ψ)
− 7
24l2
θαβǫ λραβ ψ¯γλγ5ψ −
i
2
θαβ∂α(ψ¯γ
ρDβψ) + i
2
θρβ∂µ(ψ¯γ
µDβψ) + 1
2l
θαρ∂α(ψ¯ψ) .
By varying NC action (4.63) with respect to ψ¯ we obtain a deformed Dirac equation
for an electron coupled to the electromagnetic field Aµ(
i/∂ −m+ /A+ θαβMαβ
)
ψ = 0 , (4.65)
where θαβMαβ is given by
θαβMαβ = θαβ
{
− 1
2l
σ σα DβDσ +
7i
24l2
ǫ ρσαβ γργ5Dσ −
(
m
4l2
+
1
6l3
)
σαβ
+
3i
4
Fαβ/D − i
2
FαµγµDβ −
(
3m
4
− 1
4l
)
Fαβ
}
. (4.66)
From (4.66) we immediately see that there will be new interaction terms in (4.65).
Remember that for electron q = −1.
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5 Electron in background magnetic field
We will use the deformed Dirac equation (4.65) with (4.66) to investigate the special
case of an electron propagating in constant magnetic field B = Bez. We choose the
gauge Aµ = (0, By, 0, 0) accordingly. Then, an appropriate ansatz [15] for (4.65) is
ψ =
(
ϕ(y)
χ(y)
)
e−iEt+ipxx+ipzz . (5.67)
Spinor components and energy function are all represented as perturbation series in
powers of the deformation parameter,
ϕ = ϕ(0) + ϕ(1) +O(θ2) , (5.68)
χ = χ(0) + χ(1) +O(θ2) , (5.69)
E = E(0) + E(1) +O(θ2) . (5.70)
Inserting the ansatz (5.67) in the Dirac equation (4.65) we obtain[
Eγ0 − pxγ1 + iγ2 d
dy
− pzγ3 −m+Byγ1 + θαβMαβ
](
ϕ(y)
χ(y)
)
= 0 . (5.71)
The zeroth order (undeformed) equation is given by[
E(0)γ0 − pxγ1 + iγ2 d
dy
− pzγ3 −m+Byγ1
](
ϕ(0)
χ(0)
)
= 0 , (5.72)
while the first order equation is[
E(0)γ0 − pxγ1 + iγ2 d
dy
− pzγ3 −m+Byγ1
](
ϕ(1)
χ(1)
)
= −
[
E(1)γ0 + θαβMαβ
](ϕ(0)
χ(0)
)
. (5.73)
Bearing in mind that the adjoint of (5.72) is
ψ¯(0)
[
E(0)γ0 − pxγ1 − iγ2
←−
d
dy
− pzγ3 −m+Byγ1
]
= 0 , (5.74)
after multiplying (5.73) by ψ¯(0) from the left and integrating over y we obtain:
E(1)
∫
dy ψ¯(0)γ0ψ(0) = −θαβ
∫
dy ψ¯(0)Mαβψ(0) .
Therefore, the NC energy correction can be calculated as
E(1) =
−θαβ ∫ dy ψ¯(0)Mαβψ(0)∫
dy ψ¯(0)γ0ψ(0)
. (5.75)
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Let us calculate explicitly the zeroth order solution ψ(0). From the unperturbed equa-
tion (5.72) we can derive the equation for ϕ(0) spinor component. It is given by[
d2
dy2
− (px −By)2 + (E(0))2 − p2z −m2 −Bσ3
]
ϕ(0)(y) = 0 .
It is well known that the unperturbed energy levels of an electron in constant magnetic
field (relativistic Landau levels) are
E(0)n,s =
√
p2z +m
2 + (2n + s+ 1)B , (5.76)
where n is the principal quantum number and n = 0, 1, 2, . . . , while s = ±1 are the
eigenvalues of the matrix σ3.
The complete undeformed Dirac spinor is
ψ(0)n,s =
ϕ(0)n,s
χ
(0)
n,s
 e−iE(0)n,st+ipxx+ipzz , (5.77)
with components
ϕ(0)n,s = Φnϕs , (5.78)
χ(0)n,s =
1
E
(0)
n,s +m
[
−
√
B
2
(√
n+ 1Φn+1σ− −
√
nΦn−1σ+
)
+ pzΦnσ3
]
ϕs , (5.79)
where σ± = σ1± iσ2, and ϕs is the eigenvector of σ3 for eigenvalue s = ±1. Functions
Φn(ξ) (n = 0, 1, ...) are Hermitian functions defined by
Φn(ξ) =
1√
2nn!
√
πB
Hn
(
ξ√
B
)
e−
ξ2
2B ,
where Hn are Hermitian polynomials and ξ = By − px.
Normalization for (5.77) gives us∫
dy ψ¯(0)n,sγ
0ψ(0)n,s =
2E
(0)
n,s
B(E
(0)
n,s +m)
. (5.80)
We are looking for NC shift E
(1)
n,s of the ordinary, undeformed energy levels (5.76).
Using the equation (5.75), we find
E(1)n,s = −
θαβ
∫
dy ψ¯
(0)
n,sMαβψ(0)n,s∫
dy ψ¯
(0)
n,sγ0ψ
(0)
n,s
. (5.81)
In particular, for θ12 = −θ21 = θ 6= 0 and all the other components of the matrix θαβ
equal to zero, we find
E(1)n,s = −
θs
E
(0)
n,s
(
m2
12l2
− m
3l3
)(
1+
B
(E
(0)
n,s +m)
(2n+s+1)
)
+
θB2
2E
(0)
n,s
(2n+s+1) . (5.82)
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In the absence of magnetic field we confirm the already established result [9],
E(1)n,s = −
θs
E
(0)
n,s
(
m2
12l2
− m
3l3
)
.
The NC energy levels depend on s = ±1 and we see that constant noncommutative
background causes Zeeman-like splitting of undeformed energy levels.
The non-relativistic limit of NC energy levels (5.82) is obtained by expanding the
undeformed energy function E
(0)
n,s assuming that p2z, B ≪ m2:
E(0)n,s = m+
p2z + (2n+ s+ 1)B
2m
− (p
2
z + (2n + s+ 1)B)
2
8m3
.
Expanding (5.82), we obtain the first order NC correction to the energy levels of a
non-relativistic electron:
E(1)n,s =
(
θs
3l3
− θsm
12l2
)(
1− p
2
z
2m2
+
3p4z
8m4
+
3p2z(2n + s+ 1)B
8m4
)
+
θB2
2m
(2n + s+ 1)
(
1− p
2
z + (2n+ s+ 1)B
2m2
+
3(pz + (2n+ s+ 1)B)
2
8m4
)
.
If we take pz = 0, the non-relativistic NC energy levels reduce to
En,s = E
(0)
n,s + E
(1)
n,s +O(θ2)
= m+
θs
3l3
− θsm
12l2
+
2n+ s+ 1
2m
(B + θB2)− (2n+ s+ 1)
2
8m3
(B2 + 2θB3) +O(θ2)
= m− sθ
(
m
12l2
− 1
3l3
)
+
2n + s+ 1
2m
Beff − (2n + s+ 1)
2
8m3
B2eff +O(θ2) , (5.83)
where we introduced Beff = (B + θB
2) as an effective magnetic field. As in the case
of non-interacting electrons [9], the spin-dependent shift of mass is apparent. If we
compare this expression with the one for undeformed energy levels E
(0)
n,s, we see that
the only effect of noncommutaivity is to modify the mass of an electron and the value
of the background magnetic field. This interpretation of constant noncommutativity
is in accord with string theory. In [5] it is argued that coordinate functions of the
endpoints of an open string constrained to a D-brane in the presence of a constant
Neveu-Schwarz B-field satisfy constant noncommutativity algebra. The implication is
that a relativistic field theory on NC space-time can be interpreted as a low energy
limit, i.e. an effective theory, of the theory of open strings.
From the energy function (5.83) we can derive a NC deformation of the induced mag-
netic moment of an electron in the n-th Landau level in the limit of a weak magnetic
field:
µn,s = −∂En,s
∂B
= −µB(2n + s+ 1)(1 + θB) , (5.84)
where µB =
eℏ
2mc is the Bohr magneton. We recognise −(2n+1)µB as the diamagnetic
moment of an electron and −sµB as the spin magnetic moment. The θB-term is
another potentially observable phenomenological prediction of our model. It is a linear
NC correction to the induced electron’s dipole moment. A natural next step would be
to calculate the induced magnetisation of a material as the induced magnetic moment
per unit area. To do this we need to understand better the meaning and the realization
of noncommutaivity in materials.
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6 Discussion
In this paper we discussed coupling of matter fields with gravity in the framework of
NC SO(2, 3)⋆ gauge theory of gravity. Using the Seiberg-Witten map we constructed
the gauge invariant actions and calculated equations of motion for the NC U(1)⋆ gauge
field and the NC Dirac fermion. Unlike in [9], fermions are now coupled with NC U(1)
gauge field and the NC gravity. In this way we formulated NC Electrodynamics in
curved space-time induced by NC SO(2, 3)⋆ gravity. The flat space-time limit of this
model enables one to study behaviour of an electron in a background electromagnetic
field. Especially, corrections to the relativistic Landau levels of an electron in a constant
magnetic field are given by (5.82) and their non-relativistic limit is (5.83). Motion of
an electron in a constant background magnetic field and NC corrections to Landau
levels were investigated in the case of canonical noncommutaivity in [16] and for other
types of NC space-times in [17]. It can be seen both from (5.82) and (5.83) that
NC correction to (non)-relativistic Landau levels depends on the mass m, the principal
quantum number n and the spin s. In particular, the NC correction to energy levels will
be different for different levels. It would be interesting to calculate the NC correction
to the degeneracy of Landau levels and we plan to address this problem in future
work. It is well known that the physics of the Lowest Landau Level (LLL) is closely
related to the physics of Quantum Hall Effect (QHE). Using the obtained results, we
plan to investigate NC corrections to the QHE. In this way, together with the induced
NC magnetic moment (5.84) and the NC-induced magnetization in materials we hope
to obtain some constraints on noncommutaivity parameter from condensed matter
experiments.
Starting from (4.63) one can check renormalizability of the model. It is known that,
the so-called Minimal NC Electrodynamics, a theory obtained by directly introducing
NC Moyal-Weyl ⋆-product in the classical Dirac action for fermions coupled with U(1)
gauge field in Minkowski space,
Ŝ =
∫
d4x ̂¯ψ ⋆ (iγµDµ −m)ψ̂ − 1
4
∫
d4x F̂µν ⋆ F̂
µν ,
is not a renormalizabile theory because of the fermionic loop contributions [18]. It
would be interesting to see if additional terms present in the NC SO(2, 3)⋆ gravity
induced Electrodynamics (4.63) can improve this behaviour.
The NC SO(2, 3)⋆ gravity model also enables one to introduce coupling with non-
Abelian gauge fields. In this way, it is possible to progress towards generalizing Stan-
dard Model to a NC space-time using the setup we described in this paper. All this
open problems and research proposals we postpone for future work.
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A AdS algebra and the Γ-matrices
Algebra relations2:
{MAB ,ΓC} = iǫABCDEMDE
{MAB ,MCD} = i
2
ǫABCDEΓ
E +
1
2
(ηACηBD − ηADηBC)
[MAB ,ΓC ] = i(ηBCΓA − ηACΓB)
Γ†A = −γ0ΓAγ0
M †AB = γ0MABγ0 (A.1)
Identities with traces:
Tr(ΓAΓB) = 4ηAB
Tr(ΓA) = Tr(ΓAΓBΓC) = 0
Tr(ΓAΓBΓCΓD) = 4(ηABηCD − ηACηBD + ηADηCB)
Tr(ΓAΓBΓCΓDΓE) = −4iǫABCDE
Tr(MABMCDΓE) = iǫABCDE
Tr(MABMCD) = −ηADηCB + ηACηBD
Tr(MABΓEΓFΓG) = 2εABEFG
Tr(MABMCDΓEΓFΓG) = iεABCDEηFG − iεABCDF ηEG + iεABCDGηEF
+iεBCEFGηAD + iεADEFGηBC
−iεBDEFGηAC − iεACEFGηBD (A.2)
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